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Abstract
We find a relationship between semifield spreads of PG(3, q), small Rédei minimal blocking sets of
PG(2, q2), disjoint from a Baer subline of a Rédei line, and translation ovoids of the hermitian surface
H(3, q2).
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1. Introduction
Indicator sets were introduced by R.H. Bruck in [7] for studying regular spreads of PG(3, q).
Using this idea, A. Bruen in [9] has constructed the first example of spread containing a derivable
net which is not a regulus. A general formulation in terms of matrices was given by F.A. Sherk
in [25] and used for constructing a new plane of order 27 in [26]. Finally, the author has given
a geometric construction of indicator sets in [19] for studying semifield spreads. Then for long
time indicator sets were completely ignored, perhaps because the same spread can be constructed
via many nonisomorphic indicator sets. Recently E.E. Shult has used these objects for construct-
ing locally hermitian ovoids of the hermitian surface H(3, q2) and there is some new interest
in such objects. In this paper we find an unexpected relationship between semifield spreads of
PG(2t − 1, q) and GF(s)-linear sets of rank nt with q = sn. In particular, the indicator set of a
semifield spread of PG(3, q) defines a Rédei linear blocking set of PG(2, q2), disjoint from a
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sociated blocking set has a GF(q)-point. Any such blocking set defines a translation ovoid of the
hermitian surface H(3, q2) and, therefore, we produce many classes of examples of such ovoids.
In particular, using the linear representation of H(3, q2), we give an alternative construction of
translation ovoids of H(3, q2) which explains the construction obtained in [12] starting from a
regular spread. We also present some open problems on blocking sets, on semifield spreads and
on translation ovoids of H(3, q2).
2. Preliminary results
2.1. Blocking sets
A blocking set B in a finite projective plane is a set of points intersecting every line. B is called
trivial if it contains a line. Throughout this paper, we will only consider nontrivial blocking sets.
A blocking set is called minimal if no proper subset of it is a blocking set. If q is the order of
the plane and B has size q +N , then a line contains at most N points of B: if such a line exists,
B is called of Rédei type and the line is said to be a Rédei line. Two blocking sets are said to be
equivalent if there is a collineation of the plane which maps one to the other. Minimal blocking
sets of a desarguesian plane PG(2, q) of size less than 3(q+1)2 are called small.
Let V be a vector space over a field F . Denote by PG(V ,F ) the projective geometry of the
F -subspaces of V . Accordingly, for any subfield K of F , the symbol PG(V ,K) stands for the
projective geometry of the K-subspaces of V . As usual, if F = GF(q) and V has finite rank
n + 1, we write PG(V ,F ) = PG(n, q), and we denote by 〈v〉 the point of PG(V ,F ) defined by
the nonzero vector v of V .
Let PG(r − 1, sn) = PG(V ,GF(sn)). A set Ω of points of PG(r − 1, sn) is a GF(s)-linear
set of PG(r − 1, sn) if and only if there is a subset W of V , which is a GF(s)-vector subspace
of V , such that a point of PG(r − 1, st ) belongs to Ω if and only if it is defined by a vector of W .
A point 〈w〉 of Ω is called a GF(q)-point when:
(1) GF(s) ⊂ GF(q) ⊂ GF(sn),
(2) there is an element α in GF(sn) such that the vector λαw belongs to W for all λ in GF(q).
If dimGF(s) W = m, we will say that Ω has rank m. If dimGF(s) W = dimGF(sn) V = r and
〈W 〉 = V , we will say that Ω = PG(W,GF(s)) is a canonical subgeometry of PG(V ,GF(sn)).
We note that Ω is canonical subgeometry if and only if V = GF(sn) ⊗ W , i.e. a frame of Ω is
also a frame of PG(r − 1, sn). When r = 3, a canonical subgeometry Ω = PG(2, s) is called a
subplane of PG(2, sn). A canonical subgeometry Ω = PG(r − 1, s) of PG(r − 1, s2) is called
a Baer subgeometry of PG(r − 1, s2). If r = 2, we say that Ω = PG(1, s) is a Baer subline of
PG(1, s2).
Let PG(2, sn) = PG(V ,GF(sn)) where V is a 3-dimensional vector space over GF(sn).
A GF(s)-linear blocking set of PG(2, sn) is a GF(s)-linear set of PG(2, sn) of rank n + 1. It
has been proved that:
(a) a GF(s)-linear blocking set B has size |B| sn + sn−1 +· · ·+ s + 1 (see [20]); if s = 2, any
GF(s)-linear blocking set is small;
(b) any Rédei small minimal blocking set is linear (see [20] and [3]);
(c) linear blocking sets are minimal (see [24]).
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(X0,X1,X2) are the homogeneous coordinates of a point of PG(2, sn), then R = {(α, tr(α), b) |
α ∈ GF(sn), b ∈ GF(s)} is a small minimal blocking set of PG(2, sn) of size sn + sn−1 + 1 such
that X2 = 0 is a Rédei line. It is easy to prove that all secant lines incident with the point (1,0,0)
are Rédei lines, i.e. R has s + 1 Rédei lines. For n = 2, R is a Baer subplane of PG(2, s2).
Let B be a GF(s)-linear blocking set of PG(2, sn) of order |B| sn + sn−1 + 1. If B has at
least two Rédei lines then it is equivalent to the blocking set R defined by the trace of GF(sn)
over GF(s) [22, Theorem 5].
The setN = {(α,αs, b) | α ∈ GF(sn), b ∈ GF(s)} is a Rédei blocking set of size sn + sn−1 +
· · ·+ s+1 and, hence, the line X2 = 0 is its unique Rédei line (see [8]). If s = 2, thenN is small.
2.2. Spreads and indicator sets
A spread S of PG(2t − 1, q) is a partition of the point-set of PG(2t − 1, q) into (t − 1)-
dimensional subspaces. Embed PG(2t − 1, q) as a hyperplane into PG(2t, q) and define a point-
line geometry A(S) in the following way. The points of A(S) are the points of PG(2t, q) not
incident with PG(2t − 1, q). The lines of A(S) are the t-dimensional subspaces of PG(2t, q)
which intersect PG(2t − 1, q) in an element of S . The incidence is inherited from PG(2t, q).
Then A(S) is a translation plane of order qt (see, e.g., [13]).
Two spreads S1 and S2 are isomorphic if there is a collineation τ of PG(2t − 1, q) such that
Sτ1 = S2. It is easy to prove that isomorphic spreads define isomorphic translation planes.
A quasifield Q is an algebra satisfying the axioms of a skew field except (possibly) associa-
tivity of the multiplication and one distributivity law; we will suppose (a + b)c = ac+ bc for all
a, b, c ∈ Q (for more details see, e.g., [13]). The kernel of Q is the subset
KernQ = {a ∈ Q | (ab)c = a(bc), a(b + c) = ab + ac, ∀b, c ∈ Q}.
It easy to prove that KernQ is a field and Q can be regarded as a vector space both over KernQ
and over each subfield of KernQ. We say that Q has dimension t when Q, as vector space over
KernQ has dimension t . Suppose that GF(q) is a subfield of KernQ and Q is a vector space of
dimension t over GF(q). Then V = Q × Q is a vector space of dimension 2t over GF(q). Let
PG(2t − 1, q) = PG(V ,GF(q)). Define
F(∞) = {(0, b) | b ∈ Q},
F (b) = {(a, ab) | a ∈ Q} (b ∈ Q),
S(Q) = {F(i) | i ∈ Q∪ {∞}}.
Then S(Q) is a spread of PG(2t − 1, q).
A semifield Q is a distributive quasifield. The subsets
Nl =
{
a ∈ Q | (ab)c = a(bc), ∀b, c ∈ Q},
Nm =
{
b ∈ Q | (ab)c = a(bc), ∀a, c ∈ Q},
Nr =
{
c ∈ Q | (ab)c = a(bc), ∀a, b ∈ Q},
Z = {a ∈ Nl ∩Nm ∩Nr | ab = ba, ∀b ∈ Q}
are known respectively as the left nucleus, middle nucleus, right nucleus and center of the semi-
field Q. It is straightforward to prove that Nl = KernQ, and Z is a subfield of KernQ = Nl .
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only if there is a semifield Q, whose left nucleus contains GF(q), such that S is isomorphic to
S(Q) by a collineation τ of PG(2t − 1, q) which maps A to F(∞). This is equivalent to say that
the plane A(S) can be coordinatized by the semifield Q (see, e.g., [13, Section 5.1]). The center
of Q is called the center of the semifield spread S  S(Q).
Let Σ = PG(2t − 1, q) be a canonical subgeometry of Σ∗ = PG(2t − 1, qt ). Let (X1,X2,
. . . ,X2t ) be the homogeneous coordinates in Σ∗. We can suppose Σ = {(X1,X2, . . . ,X2t ) |
X1,X2, . . . ,X2t ∈ GF(q)}. The map (X1,X2, . . . ,X2t ) → (Xq1 ,Xq2 , . . . ,Xq2t ) defines a semilin-
ear collineation σ of Σ∗ of order t having as fixed points exactly the points of Σ .
For each subspace S∗ of Σ∗ the set S = S∗ ∩ Σ is a subspace of Σ whose dimension is at
most equal to the dimension of S∗. We say that a subspace S∗ of Σ∗ is a subspace of Σ whenever
S and S∗ have the same dimension. It has been proved (see, e.g., [20, Lemma 1]) that S∗ is a
subspace of Σ if and only if S∗ is fixed by σ .
A point P of Σ∗ is imaginary if and only if the subspace
L(P ) = 〈P,P σ , . . . ,P σ t−1 〉
of Σ∗ has dimension t −1, i.e. L(P )∩Σ is a (t −1)-subspace of Σ . A line of Σ∗ is imaginary if
and only if all of its points are imaginary. For any (t−1)-subspace X∗ of Σ , there is an imaginary
point P such that L(P ) = X. If P and Q are imaginary points of Σ , then the subspaces L(P )
and L(Q) are disjoint if and only if the line 〈P,Q〉 of Σ∗ is imaginary (see [19, Section 2]).
An indicator space of Σ∗ is a t-dimensional subspace T of Σ∗ such that
(a) T contains a (t − 1)-dimensional subspace A∗ of Σ∗ which is also a subspace of Σ ;
(b) there is an imaginary point P incident with T but not incident with A∗, such that L(P ) and
A∗ are skew.
Note that T ∩Σ = A∗ ∩Σ = A is a (t − 1)-dimensional subspace of Σ , and all the points of
an indicator subspace T not incident with A∗ are imaginary (see [19, Section 2]).
Let T be an indicator space of Σ∗ and let A∗ be the (t − 1)-dimensional subspace of T such
that T ∩Σ = A∗ ∩Σ = A. An indicator set I of T is a set of qt points such that:
(1) no points of I are contained in A∗,
(2) if a line l of T contains two different points of I , then l intersects A∗ in an imaginary point.
If I is an indicator set of T , then
SI =
{
L(P )∩Σ | P ∈ I}∪ {A}
is a spread of Σ = PG(2t − 1, q). Moreover, for any spread S of Σ containing A there is an
indicator set I of T such that S = SI (see [19]).
If I is an indicator set of T , let DI be the set of points of A∗ incident with a secant line of I .
Define I ∗ = I ∪DI . We note that, by construction, all points of I ∗ are imaginary.
If t = 2, then A∗ = PG(1, q2) is a line and A is a Baer-subline of A∗. In this case all points of
A∗ \A are imaginary and property (2) is equivalent with
(2′) if a line m∗ of T = PG(2, q2) contains two different points of I , then m∗ intersects A∗ in a
point not in A.
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Let S be a spread of Σ = PG(2t − 1, q) and let A, B and C be three fixed elements of S . One
can choose the homogeneous coordinates(
(x1, x2, . . . , xt ); (y1, y2, . . . , yt )
)= (x;y)
in Σ in such a way that A has equation x = 0, B has equation y = 0 and C has equation x = y.
For each element D of S different from A, there is a unique t × t matrix JD over GF(q) such
that the point (a;b) belongs to D if and only if b = aJD (see, e.g., [13, Section 5.1]). The set
C = C(A,B,C) = {JD | D ∈ S, D = A} has the following properties:
(1) |C| = qt ,
(2) the zero matrix O = JB and the identity matrix I = JC belong to C,
(3) if X and Y are different elements of C, then X − Y is nonsingular.
Then each nonzero matrix of C is nonsingular and C is called the (normalized) spread set asso-
ciated to S with respect to A, B , C.
The spread S is a semifield spread with respect to A if and only if C is closed under the sum
(for more details, see [13, Section 5.1]).
A family R of q + 1 (t − 1)-dimensional subspaces of PG(2t − 1, q) is a regulus if
(a) the elements of R are pairwise disjoint,
(b) if a line intersects three elements of R, then it has a common point with all the elements of
R (such a line is called a transversal of R),
(c) each point on an element of R belongs to a transversal of R.
If A, B and C are three pairwise disjoint (t − 1)-subspaces of PG(2t − 1, q), there is a unique
regulus, say R(A,B,C), of PG(2t − 1, q) containing A, B and C.
A spread S of PG(2t − 1, q) is called A-regular (A ∈ S) if the regulus R(A,D,E) is con-
tained in S for all distinct elements D,E in S different from A. If S is A-regular for any element
A in S , we say that S is regular. We note that all spreads of PG(2t − 1,2) are regular. We will
use the following properties.
Result 1. [18, Teorema 2] R(A,B,D) is contained in the spread S if and only if, for all λ in
GF(q), the matrix λJD belongs to C. Moreover, R(A,B,D) = {X ∈ S | ∃λ ∈ GF(q), JX =
λJD} ∪ {A}.
Result 2. [18, Teorema 5] Let q > 2. The spread S is A-regular if and only if there is a semi-
field Q, whose center contains GF(q), such that S  S(Q), if and only if C is a GF(q)-vector
space.
3. Semifield spreads
3.1. GF(s)-linear sets and indicator sets
Let Σ be a canonical subgeometry of Σ∗ = PG(2t −1, qt ). One can choose the homogeneous
coordinates
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(x1, x2, . . . , xt ); (y1, y2, . . . , yt )
)= (x;y)
in Σ∗ in such a way that (x;y) belongs to Σ if and only if xq = x and yq = y, where
(a1, a2, . . . , at )q = (aq1 , aq2 , . . . , aqt ), for all vectors a = (a1, a2, . . . , at ) of K . We can suppose
that A∗ has equation x = 0 and B∗ has equation y = 0, i.e. A∗ and B∗ are subspaces of Σ . If
P = (b;0) is a fixed imaginary point of B∗, then T = 〈A∗,P 〉 is an indicator space of Σ∗ and
I = {(b;bX) | X ∈ C}
is the indicator set of S on T , i.e. S = SI (see [19]).
Theorem 1. The spread S of Σ is a semifield spread if and only if there is an integer s such that
q = sn and I ∗ is a GF(s)-linear set of T of rank tn + 1. If q > 2, then I ∗ is a GF(s)-linear set
if and only if GF(s) is a subfield of the center of S .
Proof. Let S be a semifield spread. Then C = C(A,B,C) is closed under the sum. Hence there
is a subfield GF(s) of GF(q) such that C is a vector space over GF(s) of rank tn where q = sn.
By definition, I ∗ = {(λb;bX) | λ ∈ GF(s); X ∈ C}. If α and β are elements of GF(s) and X
and Y are elements of C, then
(αb;bX)+ (βb;bY) = ((α + β)b;b(X + Y)).
As C is a GF(s)-vector space, we conclude that I ∗ is a GF(s)-linear set of rank tn+ 1.
Conversely, suppose that q = sn and I ∗ is a GF(s)-linear set of T of rank tn+ 1.
Let M and N be matrices over GF(q). As (b;0) is an imaginary point bM = bN if and only
if M = N (see [19]).
Let X and Y be two elements of C and let α,β be two elements of GF(s). As I ∗ is a GF(s)-
linear set and (0;bX) and (0;bY) are points of I ∗, the point (0;b(αX + βY)) belongs to I ∗. As
(b;b(αX + βY)) = (b;0) + (0;b(αX + βY)), the point (b;b(αX + βY)) belongs to I ∗. Then
there is a matrix Z of C such that (b;bZ) = (b;b(αX + βY)). Hence Z = αX + βY , i.e. C is a
GF(s)-vector space of rank nt .
Let S  S(Q), where Q is a semifield whose left nucleus contains GF(q). We have just
proved that the spread set C of S is a GF(s)-vector space if and only if I ∗ is a GF(s)-linear
set. If s = q > 2, then S is A-regular, i.e. GF(q) is a subfield of the center Z of Q. If S is not
A-regular, Z = GF(s) is a proper subfield of Nl = GF(q). 
Corollary 1. If t = 2, then the spread S is a semifield spread of Σ = PG(3, q) if and only if I ∗ is
a linear blocking set of T = PG(2, q2) disjoint from the Baer subline A of A∗, which is a Rédei
line of I ∗.
Proof. By Theorem 1, I ∗ is a GF(s)-linear set of rank 2n+1 where sn = q . Hence I ∗ is a linear
blocking set of PG(2, q2). As I = I ∗ \ {A∗} has order q2, the line A∗ is a Rédei line of B . 
Theorem 2. Let B be a linear blocking set of PG(2, q2) and let l∗ be a Rédei line of B . If there
is a Baer-subline l of l∗ disjoint from B , then I = B \ {l∗} can be regarded as an indicator set
such that SI is a semifield spread of PG(3, q).
Proof. As l∗ is a Rédei line of B , then D = B ∩ l∗ is the set of the directions defined by I . By
hypothesis, D = DI is disjoint from the Baer subline l of l∗. Therefore, any line containing two
points of I intersects l∗ in a point not on l; i.e., I is an indicator set. 
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sets. For example, a spread of PG(3, q) is regular if and only if the associated indicator set I ∗ is
either a line or a Baer-subplane of PG(2, q2) (see [7] or [9]).
3.2. Indicator sets of desarguesian spreads
Let F = GF(q) and K = GF(qt ), where t > 1. Let Σ = PG(F t × F t ,F ) = PG(2t − 1, q)
be a canonical subgeometry of Σ∗ = PG(Kt × Kt,K) = PG(2t − 1, qt ) pointwise fixed by the
semilinear collineation σ such that (x;y)σ = (xq;yq).
Denote by A∗ a (t − 1)-subspace of Σ and let T ′ be an indicator space of Σ∗ containing A∗.
Suppose A∗ = {(0;a) | a ∈ Kt }. If λ is an element of K \ F such that {1, λ, . . . , λt−1} is a basis
of K over F , and b = (1, λ, . . . , λt−1), then (b;0) is an imaginary point and we can suppose that
(b;0) belongs to T ′. We note that (0;b) is an imaginary point of A∗, i.e. {b,bq, . . . ,bqt−1} is a
basis of Kt over K .
For any element ξ of K , let Zb(ξ) be the linear map from Kt to itself such that bq
i
Zb(ξ) =
ξq
i bqi for i = 0,1, . . . , t − 1. Clearly Zb(ξ) is nonsingular. As Zb(ξ)σ = σZb(ξ), the linear
map Zb(ξ) fixes F t .
We note that the collineation τξ of Σ∗ defined by the linear map
(x;y) → (x;xZb(ξ)+ y)
commutes with σ , i.e. defines a collineation of Σ . As the (t −1)-subspace B∗ = {(x;0) | x ∈ Kt }
of Σ∗ is disjoint from A∗, the (t − 1)-dimensional subspace D∗ξ = (B∗)τξ is skew with A∗, and
Dξ = D∗ξ ∩Σ is a subspace of Σ . By [19, Teorema 7], D = {Dξ | ξ ∈ K}∪ {A} is a desarguesian
spread of Σ = PG(2t −1, q). The indicator set ofD over T ′ is the imaginary line 〈(b;0), (0;b)〉.
Let (c;0) be an imaginary point of B∗ and let T = 〈A∗; (c;0)〉 be a fixed indicator space
of Σ∗ containing A∗. Then Lc = {ξ | cZb(ξ) = ξc} = GF(s) is a subfield of K containing F .
In [19, Section 6], it has been proved that, if I ∗ is the linear set defined by the indicator set
I = {(c; cZb(ξ)) | ξ ∈ K} of D on T , then I ∗ is a GF(s)-linear set of rank r + 1 where qt = sr ,
i.e. t = hr , of size sr + sr−1 + · · · + s + 1.2 It has been proved in [19, Section 7] that, with a
suitable choice of c, Lc can be any possible subfield of K containing F .
We would like to construct all the indicator sets of D which are GF(q)-linear sets, i.e. we will
suppose Lc = F . Hence I ∗ has size qt + qt−1 + · · · + q + 1.
As {b,bq, . . . ,bqt−1} is a basis of Kt , let c = α1b+α2bq +· · ·+αtbqt−1 , α1, α2, . . . , αt ∈ K .
Let μ be an element of K \Lc such that {1,μ, . . . ,μt−1} is a basis of K over Lc = F . As I ∗
is a F -linear set, the points
(0, c),
(
0, cZb(μ)
)
, . . . ,
(
0, cZb
(
μt−1
))
are a F -basis of the F -linear set I ∗ ∩ A∗. The subspace of T spanned by I ∗ ∩ A∗ has the same
rank as the matrix⎛
⎜⎜⎜⎝
α1 α2 . . αt
α1μ α2μq . . αtμq
t−1
. . . . .
. . . . .
α1μt−1 α2(μt−1)q . . αt (μt−1)q
t−1
⎞
⎟⎟⎟⎠ .
2 To avoid confusion, we note that such a linear set is called, in [19], a subgeometry, following the definition of [13].
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T because
M =
⎛
⎜⎜⎜⎝
1 1 . . 1
μ μq . . μq
t−1
. . . . .
. . . . .
μt−1 (μt−1)q . . (μt−1)qt−1
⎞
⎟⎟⎟⎠
is a Vandermonde matrix.
If the number m of αi ’s different from zero is smaller than t , then 〈I ∗ ∩ A∗〉 has rank m
because the matrix M has rank t .
In particular for m = 2, I ∗ is a Rédei blocking set of size qt + qt−1 + · · · + q + 1.
If c = b + βbq with βqt−1+···+q+1 = (−1)t , then c is an imaginary point such that Lc = F .
Let T = 〈A∗, (c;0)〉 and let I ∗ = {(αc, cZb(ξ) | ξ ∈ K, α ∈ F } be the indicator set of D over T .
Then I ∗ is contained in the plane 〈(c;0), (0;b), (0;bq)〉.
Theorem 3. Let T be an indicator space of Σ∗ and let A∗ be a (t − 1)-dimensional subspace
of Σ∗. Let S be a semifield spread of Σ with respect to A = A∗ ∩Σ , and let I ∗ be the extended
indicator set of S over T . Suppose that I ∗ is a GF(s)-linear set (q  s) of maximal size.
The spread S is desarguesian if and only if there is a linear collineation group of A∗ fixing
A = A∗ ∩Σ and regular on I ∗ ∩A∗.
If I ∗ is a canonical subgeometry of T , then S is desarguesian.
Proof. Let S be desarguesian. Then we can suppose thatD = S. If B∗∩T = (c;0) then I ∗∩T =
{(0; cZb(ξ)) | ξ ∈ K}. The collineation of A∗ defined by τξ : (0;y) → (0;yZb(ξ)) fixes A and
the group G = {τξ | ξ ∈ K} is regular on the points of I ∗ ∩A∗.
Conversely, suppose there is a linear collineation group G of A∗ fixing A and regular on the
points of I ∗ ∩A∗.
We recall that I ∗ is a GF(s)-linear set of rank h+1 and I ∗∩A∗ is a GF(s)-linear set of rank h,
with t = rh and s = qr . Let C = C(A,B,C) be the spread set associated with S with respect to
A,B,C. As I ∗ is a GF(s)-linear set, the matrix Zc(ξ) belongs to C for any element ξ of GF(s),
because the line 〈(c,0), (0; c)〉 intersects I ∗ in the GF(s)-subline {(c, ξc) | ξ ∈ GF(s)}∪ {(0, c)}.
For any element of G there is a nonsingular t × t matrix X over F such that it is defined
by the linear map (0;y) → (0;yX). For any element ξ of GF(s) different from 0, define a
collineation τ¯ξ of Σ∗ by (x;y) → (x;yZc(ξ)X). Then τ¯ξ fixes Σ , A∗ and all points of B∗.
Moreover τ¯ξ fixes I ∗. Hence there is a collineation group of Σ fixing B pointwise, fixing A and
acting transitively on the elements of S different from A and B , i.e. S is desarguesian.
Let I ∗ be a canonical subgeometry of an indicator space T , i.e. I ∗ = PG(t, q) and I ∗ ∩A∗ =
Δ = PG(t −1, q) is a canonical subgeometry of A∗. As Δ = PG(t −1, q), there is a cyclic linear
collineation group G′ of order qt−1 +qt−2 +· · ·+q+1 of Δ acting regularly on the points of Δ,
i.e. G′ is a Singer cycle of Δ. Choose a generator τ ′ of G′ and fix a point (0; c) of Δ. Let τ be
the collineation of A∗ defined by
τ : (0; c)σ i → (0; c)τ ′σ i ,
where i = 0,1, . . . , t − 1. By construction, τ commutes with σ , i.e. it is a collineation of A. The
group G spanned by τ has order qt−1 + qt−2 + · · · + q + 1 and acts regularly on Δ. 
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Let K be a quadratic cone of PG(3, q) with vertex P . A flock F of K is a partition of K \ {P }
into q conics. If all planes containing the elements of the flock F share a common line, then F is
called linear. Two flocks F1 and F2 are isomorphic if there is a collineation τ of PG(3, q) which
fixes K and maps F1 onto F2.
Let F be a flock of the quadratic cone K of PG(3, q) with equation X23 − X1X2 = 0. Then
there are two functions f and g of GF(q) to itself such that F = {K ∩αu | u ∈ GF(q)}, where αu
is the plane with equation uX1 − f (u)X2 + g(u)X3 +X4 = 0. We can suppose f (0) = g(0) = 0
(see [14]). We will write F =F(f, g).
Define
lu,v =
{
(a, b, c, d)
∣∣∣ (c, d) = (a, b)
(
v + g(u) f (u)
u v
)
; a, b ∈ GF(q)
}
for u and v in GF(q) and l∞ = {(0,0, c, d) | c, d ∈ GF(q)}. The spread of PG(3, q) associated
with F is SF = {lu,v | u,v ∈ GF(q)} ∪ {l∞}, the partial spreads Ru = {lu,v | v ∈ GF(q)} ∪ {l∞}
are reguli and SF is the union of q reguli Ru which share the line l∞ (see [14]). The spread SF
is called a flock spread. The spread set of SF with respect to l∞, l0,0 and l0,1 is
CF =
{(
v + g(u) f (u)
u v
) ∣∣∣ u,v ∈ GF(q)
}
.
If a spread S is union of q reguli which share a common line, then there is a flock F of K
such that S and S(F) are isomorphic. The flocks F1 and F2 are isomorphic if and only if the
spreads SF1 and SF2 are (see [14]).
The flock F =F(f, g) is a semifield flock if and only if both f and g are additive maps. This
is equivalent to say that the spread SF is a semifield spread. If q is even, the only semifield flock
is the linear flock (see [16]). We list, up to isomorphism, the known examples of semifield flocks
(see, e.g., [2]).
The linear flock. g(u) = au,f (u) = bu, where X2 + aX − b is irreducible over GF(q). This
type corresponds to a field.
The Kantor semifield flock. Let q be odd, m be a nonsquare in GF(q) and σ = 1 an automor-
phism of GF(q). Define f (u) = muσ and g(u) = 0.
Ganley flock. Let q = 3r , r > 2, and n a nonsquare in GF(q). Define f (u) = nu9 + n−1u and
g(u) = u3.
The sporadic semifield flock. Let q = 35, f (u) = u9, and g(u) = u27.
Let Σ = PG(3, q) be a canonical subgeometry of Σ∗ = PG(3, q2) and let T be an indicator
plane of Σ∗ which contains the line l∗∞.
As any imaginary point of l∗∞ is of the form (0,0,1, λ) where λ is an element of GF(q2) \
GF(q), and (1, λ,0,0) is an imaginary point of l0,0, we can suppose T = 〈l∗∞, (1, λ,0,0)〉. If
F(f, g) is a semifield flock with nucleus GF(s), then
I ∗(f, g) = {(α,αλ, v + g(u)+ λu,f (u)+ λv) | u,v ∈ GF(q), α ∈ GF(s)}
G. Lunardon / Journal of Combinatorial Theory, Series A 113 (2006) 1172–1188 1181is a linear blocking set of T = PG(2, q2) of Rédei type. We note that the line joining the point
(0,0,1, λ) of l∗∞ and the point (1, λ, g(u) + λu,f (u)) intersects I ∗ in the Baer-subline {(1, λ,
v+g(u)+λu,f (u)+λv) | v ∈ GF(q)} ∪ {(0,0,1, λ)}, whose points define the lines of the base
reguli Ru. Hence (0,0,1, λ) is a GF(q)-point of the linear blocking set I ∗ of Rédei type.
Theorem 4. A linear blocking set B of PG(2, q2) of Rédei type defines a semifield flock spread
if and only if
(1) there is a Baer subline l of a Rédei line l∗ of B disjoint from B , and
(2) there is a GF(q)-point of B incident with such Rédei line.
Proof. Let l∗ be the Rédei line of B containing the Baer-subline disjoint from B , and let P
be the GF(q)-point of B . As B is a GF(s)-linear blocking set of PG(2, q2), there is a GF(s)-
vector space W of rank 2n + 1 defining B (q = sn). Put P = 〈v〉 (v ∈ W) and let Q = 〈w〉
(w ∈ W) be a point of B different from P ; then the line joining P and Q contains the Baer-
subline {〈αv +w〉 | α ∈ GF(q)} ∪ {〈v〉}.
As l is a Baer-subline of l∗ disjoint from B , by Corollary 2, I = B \ l∗ is an indicator set of
the indicator plane T = PG(2, q2). Moreover SI is a semifield spread with respect to the line l.
A partial spread R of Σ = PG(3, q) containing the line l is a regulus if and only if there
is a line n∗ of T different from l∗ such that {m∗ ∩ T | m ∈R, m∗ = l∗} ∪ {l∗ ∩ n∗} is a Baer
subline of n∗ ([9] or [19]). Therefore any Baer-subline of B , not contained in l∗ and incident
with the GF(q)-point P defines a regulus of PG(3, q), which is contained in SI and contains the
line l. This implies that SI is union of reguli which share a common line, i.e. the spread SI is a
semifield flock spread. 
Let q = s2 with s an odd prime power. Let R be the blocking set defined by the trace of
GF(q2), over GF(s), i.e. R = {(α, tr(α), b) | α ∈ GF(q2), b ∈ GF(s)} Then R is a linear block-
ing set of PG(2, q2) of size s4 + s3 +1 such that the line l∗, with equation X2 = 0, is a Rédei line.
It has been proved in [12] that there is Baer subline l of l∗ disjoint from R. Hence I = R \ l∗ is an
indicator set of PG(2, q2). Denote by SI the semifield spread associated with I . If m∗ is one of
the Rédei lines of R different from l∗, then m∗, as indicator set, defines a regular spread, which
has exactly s3 + 1 lines in common with SI . Any line through the special point P = (1,0,0) of
R is a Rédei line (see [20, Section 5]). As R is not a Baer subplane of PG(2, q2), any Rédei line
of R is incident with P . As the point P is a GF(q)-point of R, there is a semifield flock F such
that SI = SF . As R is a GF(s)-linear blocking set, the semifield defining SI has dimension 4
over its center GF(s). Hence F is a Kantor flock (see [29]).
4. Ovoids of H(3, q2) and Shult sets
4.1. Ovoids and spreads of polar spaces
An ovoid of a finite polar space P of rank r  2 is a set of points of P which has exactly one
point in common with every maximal totally isotropic subspace or maximal singular subspace
of P. A spread of P is a partition of the points of P by maximal totally isotropic subspaces or
maximal singular subspaces.
An ovoid O of P is called a translation ovoid with respect to a point P if there is a subgroup
of AutP fixing all the lines of P incident with P and acting regularly on O\{P }. Dually, a spread
S of P is a translation spread with respect to a line L of S if there is a subgroup of AutP fixing
all the points of L and acting regularly on S \ {L}.
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isomorphic to Q+(3, q) or to Q(4, q) or to Q+(5, q) [23]. Via the Klein map, translation ovoids
of Q+(5, q) and semifield spreads of PG(3, q) are equivalent objects (see, e.g., [21]).
Let O be an ovoid of Q+(5, q) with an automorphism group G of order q2, which is contained
in PGL(6, q). If G preserves the types of the planes of Q+(5, q), fixes a point P of O and acts
regularly on the points of O, different from P , then either O is a translation ovoid or the group
fixes exactly two planes of Q+(5, q) of different types (see [4, Theorem 2.2]).
4.2. Translation ovoids of H(3, q2)
Let H(3, q2) be the hermitian surface of PG(3, q2). An ovoid of H(3, q2) is a set of q3 + 1
points no two on a line of H(3, q2). A classical ovoid of H(3, q2) is an hermitian curve intersec-
tion of H(3, q2) with a nonsingular plane of PG(3, q2). We note that a line containing two points
of an ovoid contains q + 1 points of H(3, q2). An ovoid O of H(3, q2) is locally hermitian with
respect to a point P when the line joining P with a point R contains q + 1 points of O for all
R ∈ O \ {P }. If an ovoid of H(3, q2) is locally hermitian with respect to two different points,
then it is classical.
Translation ovoids of H(3, q2) are locally hermitian with respect to the translation point [5].
The following construction is due to Shult [12,27].
Let α be the tangent plane to H(3, q2) at P and let O be a locally hermitian ovoid with respect
to P . For any point R of O different from P , let lP,R be the line joining P and R. Let mP,R be
the polar line of lP,R with respect to H(3, q2). Then mP,R is a line of α not incident with P .
As O is an ovoid, the lines lP,R and lP,R′ either coincide or define a nonsingular plane β . Hence
mP,R and mP,R′ either coincide or intersect in a point not on the Baer cone α ∩H(3, q2).
A set S of q2 lines of α = PG(2, q2) not incident with P such that two of them intersect in a
point not in the Baer cone α∩H(3, q2) is called a Shult set. Hence SO = {mP,R | R ∈ O, R = P }
is a Shult set of α. Conversely, any ovoid locally hermitian with respect to P can be constructed
in this way using a Shult set of α.
If we dualize the plane α, then a Shult set defines a set IO of q2 points not incident with a line
l∗ of PG(2, q2) such that any line m∗ joining two points of I intersects l∗ in a point not in a Baer
subline l of I , i.e. IO is an indicator set of PG(2, q2).3
Theorem 5. An ovoid O of H(3, q2), locally hermitian with respect to P , is a translation ovoid
if and only if I ∗
O
= IO ∪DIO is a linear blocking set such that l∗ is a Rédei line of I ∗O.
Proof. Note that I ∗
O
= IO ∪DIO is a Rédei minimal blocking set of PG(2, q2). We can suppose
that l∗ is the line with equation X2 = 0, that (1,0,0) and (0,1,0) do not belong to I ∗O, and
(0,0,1) belongs to I ∗
O
. Hence IO = {(x,F (x),1) | x ∈ GF(q2)} where F is a map from GF(q2)
to itself.
Suppose that O is a translation ovoid. Hence, there is a subgroup H˜ of order q3 of PGU(4, q2)
acting regularly on the points of O different from P which fixes all the lines of the Baer cone
α ∩ H(3, q2), where α is the polar plane of P with respect to H(3, q2). Hence, H˜ induces on
3 What we call an indicator set has been called a Shult set in [12]. We prefer to use the term indicator sets for sets of
points and Shult sets for sets of lines, to avoid confusion and, also, because indicator set is a term which is already in
literature.
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there is a group H of order q2 acting regularly on IO, which is a subgroup of the group of all
translations of PG(2, q2) with axis l∗. If τR is the translation with axis l∗ which maps (0,0,1)
to the point R /∈ l∗, then H = {τR | R ∈ I } and IO = {(0,0,1)τ | τ ∈ H }. If R = (x,F (x),1) and
R′ = (y,F (y),1) are two points of IO, then τR and τR′ belong to H . As H is a group, τRτR′
belongs to H . Therefore the point (0,0,1)τRτR′ = (x + y,F (x)+ F(y),1) belongs to IO, i.e. F
is an additive map. Hence there is a subfield GF(s) of GF(q2) such that F is a GF(s)-linear map
and I ∗
O
= {(x,F (x), γ ) | x ∈ GF(q2), γ ∈ GF(s)} is a linear blocking set.
Conversely, let I ∗
O
be a linear blocking set of PG(2, q2), i.e. I ∗
O
= {(x,F (x), γ ) | x ∈
GF(q2), γ ∈ GF(s)} where F is an additive map. For any point (a,F (a),1) in I , the map
φa : (x, y, z) → (x + az, y + F(a)z, z) defines a translation with axis l∗ which fixes I . Hence,
the maps φa span a subgroup H of order q2 of the translation group acting regularly on IO. This
implies that the Shult set SO is fixed by a group of elations H¯ of order q2, fixing all the lines of
α incident with P and acting regularly on the lines of SO.
If G is the group of all unitary transvections of H(3, q2) with center P and axis α, then
G has order q . As G fixes H(3, q2) and all the lines incident with P , then G fixes the ovoid
O and acts regularly on the points different from P of a secant line containing P and a point
R = P of O. The group PGU(4, q2) has order q6(q4 − 1)(q3 + 1)(q2 − 1) and acts transitively
on the (q3 + 1)(q2 + 1) points of H(3, q2). Then the stabilizer of P in PGU(4, q2) has order
q6(q2 − 1)2 and contains the group of the unitary transvections with center P and axis α, i.e. it
induces on α a group of order q5(q2 − 1)2 fixing the Baer cone with center P . As the stabilizer
in PGL(3, q2) of a Baer cone has order q5(q2 − 1)2, any collineation of α fixing the Baer cone
with vertex P can be extended to q collineations of H(3, q2), two of them differing by a unitary
transvection. Hence, there is a subgroup H˜ of order q3 of PGU(4, q2) containing G as normal
subgroup which induces H¯ over α and acts regularly on O \ {P }. 
Corollary 2. Any semifield spread of PG(3, q) defines at least a Shult set, whose associated
ovoid of H(3, q2) is a translation ovoid.
Proof. The corollary follows from Theorems 1 and 5. 
We note that a semifield spread defines, in general, more than one Shult set, which can produce
nonisomorphic translation ovoids. For example, the regular spread of PG(3, q) has two different
indicator sets: a Baer subplane and an imaginary line. By construction an imaginary line defines a
classical ovoid of H(3, q2), while Baer subplanes produce two nonisomorphic translation ovoids
of H(3, q2), as proved in [12].
4.3. Translation spreads of Q−(5, q)
Let Q−(5, q) be a nonsingular elliptic quadric of PG(5, q). Let S be a spread of Q−(5, q),
and let L be a fixed line of S. For each line M of S, the subspace 〈L,M〉 has dimension 3 and
intersects Q−(5, q) in a nonsingular hyperbolic quadric. Let RL,M be the regulus of 〈L,M〉 ∩
Q−(5, q) containing the lines L and M . S is locally hermitian with respect to L if RL,M is
contained in S for all lines M of S different from L. If S is locally hermitian with respect to all
the lines of S, then the spread is called hermitian.
The generalized quadrangle Q−(5, q) is the dual of the generalized quadrangle H(3, q2) and
a regulus of Q−(5, q) is the dual, in H(3, q2), of a Baer-subline intersection of H(3, q2) with
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a locally hermitian ovoid of H(3, q2). A hermitian spread of Q−(5, q) is the dual of a classical
ovoid of H(3, q2) (see [28, Section 8]). This implies that any two hermitian spreads of Q−(5, q)
are isomorphic.
Let S be a locally hermitian spread of Q−(5, q) with respect to the line L. Denote by ⊥ the
polarity of PG(5, q) defined by Q−(5, q). If Λ = L⊥, then Λ is a 3-dimensional subspace of
PG(5, q) containing L and Λ∩Q−(5, q) = L. If M is a line of S different from L and RL,M is
the regulus of S containing L and M , then mL,M = 〈L,M〉⊥ is a line of Λ disjoint from 〈L,M〉.
This implies that mL,M is disjoint from L. If M and N are lines of S different from L such that
〈L,M〉 = 〈L,N〉, then mL,M and mL,N are disjoint because 〈L,M〉 ∩ 〈L,N〉 = L. Hence
SΛ = {mL,M | M ∈ S, M = L} ∪ {L}
is a set of q2 + 1 mutually disjoint lines, i.e. SΛ is a spread of Λ. The construction given above
is the dual of the one given in [28, Section 8, Case d] (see [11, Section 6]).
If S is a hermitian spread of Q−(5, q), then for each line L of S the spread SΛ of Λ = L⊥ is
regular (see [28]), but the converse is not true as it is shown in [11, Theorem 6].
A spread of Q−(5, q) is a translation spread with respect to a line L if and only if its dual
ovoid of H(3, q2) is a translation ovoid. If S is a translation spread of Q−(5, q), then SΛ is a
semifield spread with respect to L.
Hence the state of art is the following. A semifield spread of PG(3, q) defines a translation
ovoid of H(3, q2). By duality we have a translation spread of Q−(5, q) which defines a semifield
spread of Λ = PG(3, q). What are the relationships between the starting semifield spread of
PG(3, q) and the semifield spread of Λ?
4.4. Linear representation of H(3, q2)
A line-spread N of PG(2t − 1, q) is said to be normal if N induces a spread in any subspace
generated by two elements of N , i.e. if A,B ∈N , then N〈A,B〉 = {X ∈N | X ∩ 〈A,B〉 = ∅} is
a spread of 〈A,B〉. Let Σ ′ = PG(2t, q), and let Σ be a hyperplane of Σ ′. Suppose that N is a
normal line-spread of Σ . Define an incidence structure π(Σ ′,Σ,N ) as follows. The points are
either the points of Σ ′ \ Σ or the elements of N . The lines are either the planes of Σ ′ which
intersect Σ in a line of N or the spreads N〈A,B〉 where A and B are distinct lines of N . The
incidence is the natural one. As N is normal, π(Σ ′,Σ,N ) is isomorphic to the projective space
PG(t, q2). The group of all collineations of PG(2t, q) fixing N is isomorphic to the collineation
group of PG(t, q2) fixing a hyperplane (see [1]).
If x = (x1, x2, x3, x4) and y = (y1, y2, y3, y4), let (x,y) be the homogeneous coordinates
of a point of PG(7, q2). Denote by σ the involutory collineation of PG(7, q2) defined by
(x,y)σ = (yq,xq) where xq = (xq1 , xq2 , xq3 , xq4 ). Let PG(7, q) be the Baer subgeometry of
PG(7, q2) pointwise fixed by σ , i.e. the points of PG(7, q) have homogeneous coordinates
(x,xq) with x1, x2, x3, x4 in GF(q2). Let Γ be the 3-dimensional subspace of PG(7, q2) with
equations y = 0. Then Γ is disjoint from PG(7, q) and the subspace Γ σ has equations x = 0.
For each point (x,0) of Γ , the line joining the points (x,0) and (0,xq) contains q + 1 points of
PG(7, q). Then l(x) = 〈(x,0), (0,xq)〉 ∩ PG(7, q) is a line of PG(7, q). If l(x) and l(y) are not
disjoint, then the subspace 〈(x,0), (y,0), (0,xq), (0,yq)〉 is a plane. This is impossible because
the line 〈(x,0), (y,0)〉 of Γ and the line 〈(0,xq), (0,yq)〉 of Γ σ are disjoint. We conclude that
N = {l(x) | (x,0) ∈ Γ } is a line-spread of PG(7, q).
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3-dimensional subspace 〈m,mσ 〉 ∩Σ (see [7]). If a 3-dimensional subspace Δ of PG(7, q) con-
tains two lines l(x) and l(y) ofN , and m is the line of Γ joining the points (x,0) and (y,0), then
Δ = 〈m,mσ 〉 ∩ Σ and NΔ = {n ∈N | n ∩ Δ = ∅} =Nm is a spread of Σ . Hence N is a nor-
mal line-spread of PG(7, q) and the incidence structure P(N ) = (N , {Nm | m is a line of Γ }) is
isomorphic to Γ = PG(3, q2) via the map τ : (x,0) → l(x) (see [6]).
Let Q+(7, q2) be the hyperbolic quadric of PG(7, q2) with equation x1y4 + x2y3 + x3y2 +
x4y1 = 0. Then the 3-dimensional subspaces Γ and Γ σ are contained in Q+(7, q2), and
Q+(7, q2) ∩ PG(7, q) = Q+(7, q) is the hyperbolic quadric of PG(7, q) with equation x1xq4 +
x2x
q
3 + x3xq2 + x4xq1 = 0, which is quadratic over GF(q). If a line l(x) of N contains a point
of Q+(7, q), then l(x) is contained in Q+(7, q) because it is incident with three points of
Q+(7, q2). This implies that H = {l(x) | l(x) ∩ Q+(7, q) = ∅} is a line-spread of Q+(7, q).4
Moreover H(3, q2) = {(x,0) ∈ Γ | l(x) ∈H} is the hermitian surface of Γ = PG(3, q2) defined
by the equation x1xq4 + x2xq3 + x3xq2 + x4xq1 = 0 (see [28]).
If Σ ′ is a hyperplane of PG(7, q), there is exactly one 5-dimensional subspace Σ of Σ ′
such that NΣ = {l ∈N | l ∩ Σ = ∅} is a (normal) spread of Σ because N is a normal spread
of P(7, q). Then the map ρ from P(N ) to π(Σ ′,Σ,NΣ), which maps the line l(x) of N to
l(x)∩Σ ′, is an isomorphism. Moreover there is a plane α of Γ such that Σ = 〈α,ασ 〉∩PG(7, q)
and NΣ = {l(x) | (x,0) ∈ α}. Then either α is nonsingular with respect to H(3, q2) or α is
tangent to H(3, q2).
Let α be nonsingular with respect to H(3, q2). As α ∩ H(3, q2) = H(2, q2), then Σ ∩
Q+(7, q) = Q−(5, q). This implies that Σ ′ is nonsingular with respect to the quadric Q+(7, q)
of PG(7, q). On the other hand, if α is tangent to H(3, q2) at (x,0), then Σ ′ is tangent with
respect to the quadric Q+(7, q) of PG(7, q) and Σ intersects Q+(7, q) in a cone whose vertex
is the line l(x).
Using the isomorphism ρ from P(N ) to π(Σ ′,Σ,NΣ), we have two different construc-
tions of H(3, q2). We note that we have generalized the representation of the hermitian curve in
PG(4, q) due to Buekenhout (see [10]).
Recall that the hyperplane Σ ′ either is nonsingular or is a tangent hyperplane with respect to
the quadric Q+(7, q).
Suppose the hyperplane Σ ′ is tangent to Q+(7, q) at a point P , and let Σ be the hyperplane
of Σ ′ such that NΣ is a line-spread of Σ . Hence Σ ∩ Q+(7, q) is a cone whose vertex is the
line l(x) of NΣ incident with P . In π(Σ ′,Σ,NΣ), the points of H(3, q2) are either the points
of the cone K = Q+(7, q) ∩ Σ ′ not in Σ or the lines of N contained in the quadratic cone
Q+(7, q) ∩ Σ ⊂ K . The lines of H(3, q2) incident with (x;0) are represented by the regular
spreads Nm where m is a line of H(3, q2) incident with (x;0). The lines of Γ = PG(3, q2)
incident with (x;0) not in H(3, q2) are represented by the planes of Σ ′ which intersect Σ in the
line l(x). If β is one of such planes, then β ∩K = l(x)∪n, where n is a line of β incident with P .
Let Δ be a hyperplane of Σ ′ not incident with P . Then Q+(5, q) = Δ∩Q+(7, q) is a nonsin-
gular hyperbolic quadric of Δ, and Δ∩Σ is the tangent hyperplane to Q+(5, q) at R = l(x)∩Δ.
Let O be a locally hermitian ovoid of H(3, q2) with respect to the point (x,0). In
π(Σ ′,Σ,NΣ), O is represented by the union of q2 + 1 lines of K incident with P , one of
which is l(x). Hence there is a set O of q2 + 1 points of Q+(5, q) such that 〈P,X〉, X ∈O, are
the q2 + 1 lines through P defining O.
4 A line-spread of a nonsingular quadric Q is a partition of the points of Q into lines.
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If the ovoid O is a translation ovoid of H(3, q2) with respect to (x;0), then O is a translation
ovoid of Q+(5, q) with respect to R.
Proof. Let X and Y be two points ofO. If X = l(x)∩Δ or Y = l(x)∩Δ, then the plane 〈P,X,Y 〉
of Σ ′ contains the line l(x) of N . As O is an ovoid of H(3, q2), the line joining X and Y is not
contained in Q+(5, q).
We recall that a plane of PG(3, q2) tangent to H(3, q2) contains either one point or q + 1
points of O, because any line of H(3, q2) contains exactly a point of O.
If X and Y are collinear in Q+(5, q), and n is the line of NΣ incident with the point
〈X,Y 〉 ∩ Σ , then n is contained in K ∩ Σ and N induces a desarguesian spread on the
3-dimensional subspace S = 〈l(x);n〉, i.e. the 4-dimensional space S′ = 〈S;X〉 defines a plane
of PG(3, q2) tangent to H(3, q2) at a point represented by a line n′ of N contained in S. The
q + 1 tangent lines are represented either by the q planes containing n′ and a point of the line
〈X;Y 〉 not incident with n or by the regular spread of 〈l(x);n〉 induced by N . If n′ = l(x), then
the plane tangent to H(3, q2) at l(x) is represented by Σ = S′. Hence n′ = l(x). If n′ = n, then
the plane 〈X;n〉 is a line of H(3, q2) containing X and Y , i.e. O is not an ovoid of H(3, q2). If
n = n′, then S′ ∩O contains the 2q + 1 points of the singular conic 〈P,X〉 ∪ 〈P,Y 〉. As O is an
ovoid of H(3, q2), this is impossible.
By definition, O is a translation ovoid of H(3, q2) if and only if there is a collineation group
H of Σ ′ of order q3 fixing the spread NΣ , the regular spreads Nm, for all lines m of H(3, q2)
incident with (x;0), the line l(x), the quadratic cone K and acting regularly on the q3 points of O
represented by a point of Σ ′ \Σ . Hence H fixes P and acts transitively on the q2 lines different
from l(x) defining O. Therefore H induces by projection on Δ a linear collineation group H¯ of
Δ fixing the quadric Q+(5, q), q + 1 planes of Q+(5, q) incident with R and acting regularly
on the points of O different from R, i.e. O is a translation ovoid of Q+(5, q) with respect to R
by Theorem 2.2 of [4]. 
If H is the collineation group defined in the proof of Theorem 6, then H fixes either all the
points of l(x) or exactly the point P . The two different translation ovoids of H(3, q2) constructed
from a Baer subplane in [12] say that both cases occur.
Translation ovoids of Q+(5, q) and semifield spreads of PG(3, q) are equivalent objects via
the Klein map (see, e.g., [21]). Hence the state of art is the following. A semifield spread of
PG(3, q) defines a translation ovoid of H(3, q2). Using the linear representation of H(3, q2)
we obtain a translation ovoid of Q+(5, q), which defines a semifield spread of PG(3, q) via the
Klein map. What are the relationships between the two semifield spreads of PG(3, q) constructed
in such a way?
Theorem 7. Let O be an ovoid of Q+(5, q) containing R = l(x)∩Δ. Let O¯ be the set of q2 + 1
lines 〈P,X〉 where X ∈ O. Then the set of q3 + 1 points H(O) of H(3, q2) represented by
(O¯ \Σ)∪ {l(x)} is a locally hermitian ovoid of H(3, q2).
Proof. If the point of H(3, q2) represented by l(x) and the point X of O¯ \ Σ are collinear in
H(3, q2), then the plane 〈l(x),X〉 is contained in the quadratic cone K . As Y = 〈P,X〉 ∩ Δ is
a point of O , the line joining R and Y is contained in Q+(5, q). As O is an ovoid of Q+(5, q),
this is impossible.
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the point 〈X,Y 〉 ∩ Σ , then the plane 〈n,X〉 is contained in the quadratic cone K . Therefore the
line 〈X,Y 〉 is contained in K . If P belongs to 〈X,Y 〉, we can argue as in the previous case. If
P does not belong to the line 〈X,Y 〉, there are two points X′ and Y ′ of O such that X ∈ 〈P,X′〉
and Y ∈ 〈P,Y ′〉. As 〈X,Y 〉 is contained in K , the line 〈X′, Y ′〉 is contained in Q+(5, q). As O
is an ovoid of Q+(5, q) this is impossible. 
Suppose now that O is a translation ovoid of Q+(5, q) with respect to R. Hence there is an
elementary abelian group H˜ of Δ fixing Q+(5, q) which acts regularly on O \ {R}. Then H(O)
is a translation ovoid only if there is a collineation group H of order q3 fixing the spread NΣ ,
the quadratic cone K and the line l(x) which acts regularly on the point of H(O) different from
l(x) and induces, by projection on Δ, the group H˜ .
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